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PROBLEM

To investigate certain properties of stochastic attrition processes—spe-
cifically to formulate the general problem of the interaction of two groups of
combatants when chance plays a role, to show what data must be given before
the problem can be solved, to determine explicitly a complete solution of the
general problem, to indicate a method for surmounting the practical difficulties
encountered, and to carry out this method by analyzing the probability that a
given side will win.

FACTS

F. W. Lanchester published' an analysis of the effects of concentration of
firepower incombat. He concideredtwo groups of forces opposing one another,
assuming that the rate ofattrition for each force depended onthe strength of the
opposition, He thus obtained a system of differential equations describing the
behavior of the two forces.

During World War IIthere was a revival of interest in this theory of combat,
though Lanchester’s strictly deterministic treatment of the problem was mod-
ified to include the random fluctuations, which inevitably occur. Fundamental
work in formulation of the problem in a stocnastic framework was carried out
by the Operations Research Group in the Department of the Navy; such formu-
lations are now being used at ORO in combat models.

DISCUSSION

In applying a stochastic analysis to Lanchester’s theory of combat this
memorandum considers a certain Markov stochastic process characterized by
the initial state and the two functions ¢ and a. The probability that the system
remains in a given state (m,n) throughout a time interval of length t ise~#(m:n),
Alternatively it is et/ '("”"), where 7(m,n) is the expected duration of the sys-
tem in the state (m,s) and 7(m,n) =1/¢(m,n). The probability that, leaving the
state (m,n),the system goes to the state (m,n -1) is a(m,n); the probability that,
leaving the state (m,n), it goes to the state (m - 1,n) is 1 -a(m,n), which is also
called g(m,n). To find p(a,b,t;m,n) is to determine the probability that, starting
at (m,n),the system willbe at (a,b) afterthe elapsed time t. Winning means the
complete annihilation of the opposing side; the probability that the first side
wins from state (m,n) is denoted by P(m,1). This probability satisfies the dif-
ference equation P(m,n)=a(m,n) P(m,n - 1) +8(m,;u) P(m-1,n).

ORO-T-323 1
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CONCLUSIONS

1. The initial state, the expected duration in each possible subsequent
state,and the chances of the transition from each state to the two possible im-
mediately succeeding states completely determine the stochastic process.

2. Exact expression for the probability that a given side wins is too com-
plicated to be of practical use, but it is demonstrated that it is possible to find
a simple useful approximation,

3. The two functions ¢ and @, which characterize the stochastic process,
may be expressed in terms of more readily accessible data, nemely, the rate
of fire and the single-shot kill probability, using the basic assumptions from
Lanchester’s original work,
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A STOCHASTIC ANALYSIS OF LANCHESTER'S THEQRY OF COMBAT




I

INTRODUCTION

An analysis of the effects of concentration of firepower in combat was made
by F. W. Lanchester in 1916. He presented a system of differential equations de-
termining the behavior of two groups of forces opposing one another, assuming
for each that the rate of attrition depended on the strength of the opposition.
Lanchester’s theory of combat was deterministic; his differential equations im-
plied that the future was completely determined. During World War II, however,
a more realistic approach to the problem was undertaken, and a theory allowing
for chance fluctuations was created. It is this stochastic theory which is studied
here.

In this paper anattemptis made to perform three services for persons
working in this field at the present time:

(a) To provide a general formulation of the problem, in terms of which the
various specialized results of other groups of investigators can be interpreted.
This is done in the first section.

(b) To exhibit a complete solution of the general problem as thus formu-
lated. This is done in the second section. Although the solution is complete it
is, in its general form, of little practical use. In various special cases, how-
ever, this solution is useful in studying certain properties of the solution. These
will readily occur to the worker in the field.

(c) To indicate a method by which the practical difficulties encountered in
studying the general solution can be surmounted. ‘This is done in the third sec-
tion, largely by exhibiting the method as applied to a specific aspect of the gen-
eral problem. Although the problem studied in the third section is quite special,
it seems clear that the asymptotic methods used there can be extended to other
problems arising from the solution given in the second section. Work along these
lines is now in progress.

To obtain the desired generality the formulation of the problem in the first
section is necessarily abstract. It is proposed to give here a concrete formula-
tion of the problem so that some meaning can be attached to the ideas in the first
Section.

Consider two opposing forces called the “first side” and the “second side.”
The forces try to destroy one another; hence, as time goes on, the strengths of
the two sides diminish. Let x () denote the number of survivors on the first side
at timet, and let y(t) denote the number of survivors on the second side at time
t. The fundamental point of view in this paper is that x(t) and y(t) are random
variables: they are not completely determined beforehand, but the probability
that x(t) and y(t) have given values is. Specifically, the question is “What is the
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probability p(a,bt; mn) that there will be a and b survivors on the first and
second sides, respectively, at timet, if there were initially m and n members
on the two sides?”

The first section is concerned with the precise formulation of this problem,
in addition tc a discussion of the parameters that serve to characterize the ei-
fectiveness of each side ir combat. For completeness the differential-difference
equations for the problem, used by many workers in stochastic processes, are
also derived. The asymptotic devices used in the third section, however, are not
based on these equations.

In the second section p(a,b,t; m,n) is completely determined. It is exhibited
however as an integral in which the complicated structure of the integrand tends
to obscure the understanding of the precise nature of the solution. This complex-~
ity arises mainly from certain combinatorial difficulties associated with “paths,”
defined in the first section and examined more fully in the second. The situation
is somewhat analogous to the situation in certain one-dimensional stochastic
processes, where the exact solution is apparently quite useless.

If a useful solution to the problem of finding p(a,b,t; m,n) cannot be given,
then an effort can be made to answer related questions. One question of evident
interest is this: “What is the probability that the first side will win?” Here
winning means the destruction of the opposing force before a given side is anni-
hilated. 4gain, a precise answer is complicated beyond usefulness, but a useful
approaimate answer can be given. In the third section this approximate answer
is found. Comparison of the exact solution and the approximation in certain
numerical examples shows that the agreement is surprisingly good. These ex-
amples are given in the last section.

It must be admitted that many problems remain to he solved before a co-
herent stochastic theory of combat ic evolved. This memorandum claims only
to frame the problem in a precise way, then to formulate an exact solution of
this problem (to spare future workers the labor of writing out thissolution),and
finally to present a useful approximation to the probability that one side will
win. Among the many other problems that remain, the three following are of
Special interest:

(a) What is a useful approximation for p(a,b,t; m,n)?

(b) Find an approximation for the expected number of survivors on each
side in terms of time. How close is this to the solution of the classical deter-
ministic Lanchester equations?

(c) How, if at all, can the central limit theorems of Bernstein and Loeve
for dependent probabilities be used here to simplify the derivation of asymptotic
formulas?

It is hoped that this memorandum may help to stimulate work on these re-
lated problems.

6 ORO-T-323




STATEMENT OF THE PROBLEM

Consider a physical system, the state of which at any instant t is described
by an ordered pair of nonnegative integers [x(t),y(t)]. The system is to be ob-
served, starting at some convenient time which will be taken as zero. The actual
behavior of the system is thus completely prescribed by two functions, x and y,
defined on the set of all nonnegative real numbers, with values in the set of non-
negative integers. The possible behavior of the system is circumscribed by the
following two assumptions: first, that both x and y are nonincreasing functions,
i.e.,ift'>t, then x(t') = x(t) and y(¢') = y(t); and, second, that when the system
leaves any state (a,b), it must proceed to the state (a-1,b) or the state (a,b-1).

10 ; 10
3 ‘ 8 b
6 | 6 —
x(1) e il -
d —— "’- = —
2 —_— 1L
ﬂ i | i 1 | i ﬂ- ] L 1 L A | |
0 2 4 & 8 0 2 4 & B

Fig. 1—Typical Graphs of x(1), y(1).

The set of all possible modes of behavior of this system may thus be identi-
fied with the set of all ordered pairs of nonincreasing, nonnegative, integral-
valued functions, defined on the set of all nonnegative real numbers, such that
both functions in the ordered pair are not discontinuous at the same number, and
such that at a point where it is discontinuous, a function decreases by one unit.
The set of all ordered pairs of such functions will be denoted by S. For a further
description of the sort of situation envisioned here, the reader is referred towork
by Koopman, cited in Morse and Kimball.?

An element of the set S is an ordered pair of functions. An example of the
graphs of such an ordered pair of functions might look like Fig. 1.

ORO-T-323 1




An alternative (and not so informative) method of representing this behavior
graphically is to show the path followed by the system, disregarding the time of
transition from one state to another. The path diagram which would correspond
to the situation shown in Fig. 1 is given in Fig. 2.

It should be evident that each element of S (i.e., each ordered pair of func-
tions of the type being considered) determines uniquely a graph in the fashion of
Fig. 2. On the other hand, to each graph of the type shown in Fig. 2, infinitely
many elements of the set S will generally correspond (or, equivalently, infinitely
many graphs like Fig. 1).

10

(6,8)

Fig. 2—The Path for Fig. 1.

Thus far the discussion has centered on the possible representation of the
behavior of the system. It is, of course, a much more fundamental problem to
discuss the mechanism leading to a particular mode of behavior for the system.
It might be, for example, that the first coordinate of the system decreases by
one unit at a quarter past and a quarter to every hour, but the second coordinate
decreases by one unit every hour on the hour. In such a case, only the initial
state of the system need be known in order that the state of the system be known
at any subsequent time. Under these conditions the process is said to be deter-
ministic. The process considered in Morse and Kimball® is deterministic.

This is just the situation that will not be considered here. Instead it will
be assumed that chance affects the system, so that when the initial state of the
system is known, only the probability that the system will be in a certain state
at a subsequent time is known. Such a process is said to be “stochastic.” Morse
and Kimball also consider a stochastic process.® For a more detailed but more
technical description of stochastic processes in general, the reader is referred
to Doob.*

As a generalization of the situation in a great many practical problems
the following assumptions are made for the stochastic process being considered
here: first, that it is a Markov process, and, second, that it is a stationary
process. For the technical definitions of a Markov process and a stationary
process, see Doob.’ Both terms will be used here “in the strict sense.” An
intuitive interpretation of these assumptions follows.

8 ORO-T-323




The assumption that the process is a Markov process can be expressed
intuitively by saying that, from any instant onward, the behavior of the system
may depend on the state of the system at that instant, but it certainly does not
depend on the previous history of the system. Thus, if 0 =<t <...<, <,
the probability that the system is in state (a,b) at the instant t, given that it was
in state (a},b)) att;, (ag,by) atty, . . ., and (a,,b,) at t, , depends only on a, b, ¢,
a,, b,, and t_, not on the states at the earlier instants. Consequently only prob-
abilities of the formp(c,d,t; a,b,s) need be considered, which denote the prob-
ability that the system is in state (c,d) at the instant t, given that the system is
in state (a,b) at the instant s, with s <t.

The second assumption (that the process is stationary) introduces a fur-
ther simplificaticn. It means that what happens during a given time interval
depends only on the state of the system at the beginning of the interval, and on
the length of the time interval—not on the instant at which the time interval be-
gins. Consequently p(c,d,s +t; a,b,s) =p(c,d,t; a,b,0), which might as well be
(and which will be) denoted by p(c,d,t; a,b).

In summary this investigation is to be concerned with the probabilities
p(c,d,t; a,b), which denote the probability that, if the system is at any instant
in the state (a,b), then it will be in the state (c,d) after a time interval of
length t.

Certain properties of p(c,d,t; a,b), which are consequences of the preced-
ing assumptions, will now be derived.

Suppose now that the system is initially in a state (m,n). The probability
that it will proceed to a state (a,b) during an interval of time of length s is
p(a,b,s; m,n), and the probability that it will then proceed to a state (c,d) during
a succeeding interval of length t is p(c,d,t; a,b), since the system is in state
(a,b) at the beginning of this second interval. Thus the probability that, if the
system is initially at (m,n), it proceeds to (a,b) during the interval of length s
and thence to (c,d) during the succeeding interval of length t isp(a,b,s; m,n) -
p(c,d,t; a,b).

Consider next the probability that, if the system is initially at (m 1), it proceeds
to (c,d) during an interval of length s +t. It is, of course, denoted by p(c,d,s +t ;
m,n). But, this can also be expressed as a sum of products of the type just con-
sidered. For at the end of the first interval of length s the system must be in
some state between (m,n) and (c,d), inclusive. Since it can be in only one state
at a given instant, the various possibilities are mutually exclusive. Hence,
p(c,d,s+t; m,n) is the sum of all the probabilities of the compound events de-
scribed in the preceding paragraph; i.e.

M™Ms

n
ple,d, s +¢; myn) = Z pla,b,s; m,n) ple,d,t; a,b). (1)
b=d

a

[

Equation 1, which will be found to be fundamental in the subsequent work, is
essentially a special case of Feller’s’ Eq. 9.2 or of Doob’s® Eq. 1.2’.
A special case of Eq. | arisec if c=m and d=n. In this case

plm,n, s +t; m,n) = p(m,n,s; m,n) plm,n,t; m,n).

[The appropriate verbal interpretation of p(m,n,t; n,n) is the probability that
the system remains in the state (i,n) throughout a time interval of length t,
if the system is in this state as the beginning of the time interval.]

ORO-T-323 9




Because p is a probability function, it follows from the general theory of
stochastic processes that

p(mtnrt; m;n) = C-lqs(mrn)’ (2)

where ¢ m,n) is nonnegative. Indications of the method of proof of this result
are found in Doob.?

I’ certain (unnecessary) assumptions are made about the functicn p, a
simple proof of Eq. 2 can be given. The special case of Eq. 1 under considera-
tion is an equation of the form

fls +8) = f(s) f(e).

Differentiate with respect to s; then
f'(s +2) =f'(s) f(2).

Now set s equal to zero, obtaining
f1@) =¢ f(n),
where ¢ ={'(0). This is a differential equation whose solutions are of tl.e form

f(t) = aecf)

where a is an arbitrary constant. Now in the special case of Eq. 1, which is of
interest here, the condition that p(m,n,0; m,n) should equal one requires that a
be one, and the condition that p (m,n,t; m,n) be less than one for positive { re-
quires that ¢ in the exponent be negative. This establishes Eq. 2.

Of course, this “proof” has assumed that all the functions encountered
possess derivatives. This is an unnecessary assumption, as the work in Doob
shows.

Because of the importance of the facts expressed by Eq. 2, the equation is
given the following verbal interpretation: The probability that the system does
not(ﬁ((:ha)nge from the state (m,n) during an interval of time of length t is
e—t m,n_

Consider next the variate (or “random variable”) T, whose value is the
length of time during which the system remains in the state (m,n).

Let F denote the (cumulative) distribution function for T,n 5 1e., F(u) is
the probability that the observed value of the variate Tm’,, is less than or equal
tou. Then, for any positive number y,

F(u) = Pr {rm,n <u}
= Pr ithe system is no longer in (mn) after a time u}
= 1- Pr{no change occurs during the time u}
= 1 - e~ugim,n)
while F(u) = 0 if u is zero, or negative. Obviously, F'(s) = 0, if u< 0, and F'(u) =
¢(m,n) e~udlon) iy >,

The expected value of T, ., which will be denoted by 7(m,n), is given by

the following procedure:

7(m,n) = }o udF(u) = Fuq& (m,n) e~ uP{mn) g, o 1/¢(m,n).
—on 0

Thus ¢(m,n) can be interpreted as the reciprocal of the average duration of
the system in the state (m,n). Perhaps it should be stated explicitly that the
symbol 7( m,n) will be used throughout the sequel to mean the expected value of
T

m,n’

10 ORO-T-323




Up to this point the discussion appears to be concerned principally with
the probability that the system does not undergo any changes of stute during a
given interval of time. The next part of the discussion is primarily concerned
with establishing the notation necessary for considering what happens when the
system does change its state.

Suppose the system is in a certain state (m,n). By the s2cond of the funda-
mental assumptions made at the beginning of this section, the system can pro-
ceed only to states (m-1,n) and (m,n - 1) when it leaves the state (m,n). Let
a(m,n) denote the probability that the system, on leaving the state (m,n), proceeds
to the state (m,n- 1), and let B(m;n) denote the probability that the system, on
leaving the state (m,n), proceeds to the state (m-1,1). Of course, 8{(m,n) =
L-a(mpn).

It may now be intuitively evident that if the initial state of the system (cor-
responding tot = 0), and the two functions ¢ and a are given, then all the prob-
abilities p (a,b,t; m,n) are completely determined. In any event, this is the case,
as the following discussion will show.

The principal objective now is to derive two differential-difference equa-
tions that must be satisfied by p(a,b,t; m,n). Each such equation is based on
Eq. 1.

First Equation. Differentiate Eq. 1 with respect to s, and then set s equal
to zero. The result is

m n
pylesdit; mn) = X0 77 pala,b,0; m.n) ple,d,t; a,b),
a=¢ bud

in which the subscript 3 denotes the first-order partial derivative with respect
to the third argument; i.e.,

p3lc,dt; myn) = lim [ple,d, ¢ + h; m,n) ~ ple,d,t; mn)l/h,
h+0

Second Equation. Differentiate Eq. 1 with respect tot , and then set ¢
equal to zero. The result is

m n
p3le,d,s; mn) = 37 3° pla,b,s; m,n) p,(c,d,0; a,b).
a=c¢ bz=d

Now it turns out that most of the terms that appear in the sums in these
two equations are zero. It is clear from Eq. 2 that p3(a,b,0; a,b)=-¢(a,b). It
can be shown by the general theory, or directly by quite simple arguments, that

p3la, b~ 1, 0; a,b) = ala,b) d(a,b)

pyla -1, b, 0; a,b) = f3a,b) Bla,b),
and that all the other derivatives are zero. The general theory is given in
Doob;"® an alternative treatment, with less generality, is contained in Feller."

If, in the second equation, the -ariable s is replaced by ¢, the two equations
can be written now as

(9/02) pla,b,t 5 m,n) = - (m,n) pla,b,¢; m,n) )
(3

+0(m,n) S(m,n) p(a,b,t; m,n ~1) + f(m,n) (m,n) pla,b,t; m -1, n)

and
(3/0¢) pla,b,t; myn) = ~(a,b) pla,b,z; m,n) (4)

+ola, b +1) ¢la, b +1) pla, b +1, & mn) + 3a+1,b) Sla+1,b) pla+1, b,¢; m,n).

ORO-T-323 11




Clearly the solutions of these equations will depend only on the coefficients,
which are determined by ¢ and a (since 8=1-q), and on the initial state (m ).
Hence, the validity of the earlier sxssertion regarding the dependence of p(a,b,t;
m,n) on ¢ and a has been established.

Equations 3 and 4 correspond, respectively, to Eqs. 1.7 and 1.7” in Doob.'?
Such equations are frequently distinguished by the adjectives “backward” and
“forwacd.” Equation 3 is the backward one for this process. For a further
discussion of these two equations, consult Doob,* or Feller.* Note also that
an analogue of Eq. 3 appears in Morse and Kimball.!®

It is now perhaps appropriate to summarize what has developed so far.

A certain stationary Markov stochastic process is under consideration.
The process is characterized by the initial state, and the two functions, ¢ and
a. The probability that the system remains in a given state (m,1) throughout a
time interval of length ¢ ise=*#(mn),  Alternatively, it is ¢ /7mn) where
7(m,n) is the expected duration of the system in the state {m,n), and 7(m,n) =
1/¢(m,n). The probability that, on leaving the state (m,n), the system goes to
the state (m,n-1) is a(m,n); the probability that, on leaving the state (m,n), it goes
to the state (m-1,n) is 1-a(m,n), which is also called f( myn).

Finally, if p(a,b,t; m,n) denotes the probability that the system, starting at
state (m,n), is in state (a,b) after an elapse of time ¢ , then p must satisfy both
Egs. 3 and 4.

The fundamental problem, which will ke solved completely in the next sec-
tion can now be stated:

Given the two functions ¢ and a, write out explicitly » (a,b,t; m,n).

12 ORO-T-323




EXACT DETERMINATION OF THE PROBABILITIES p(a,b,t; m,n)

In this section p(u,b,t; m,nj will be determined exactly. However, it will
be seen that the result, unless a is close to m, and b is close to n, is of little
immediate practical interest in the general case.

An obvious possible way to determine p(a,b,t; m,n) is to solve the partial
differential-difference equations, Eqs. 3 and 4 of the preceding section. It is
the author’s experience, however, that this method does not lead—in any evident
way—to a form of the solution that is convenient for the applications that have
given rise to this research. Consequently the problem will be attacked by meth-
ods from the general theory of probability.

To find p(a,b,t; m,n) is to answer the question, “What is the probability
that, starting at (m,n), the system will be at (a,b) after an elapsed time t ?”

For the system to start at (m,n) and later be at (a,b), it must proceed along
one of the paths (as in Fig. 2) that join (m,n) to (a,b). It may move along any such
path, and motions along different paths are mutually exclusive events.

It is easy to compute the probability that the system will move along agiven
path. For example, suppose the system, initially at (5,7) proceeds through (5,6),
(5,5), (4,5), (4,4), (4,3), and (3,3) to (3,2). The probability of going from (5,7) to
(5,6) is a(5,7); from (5,6) to (5,5) is a(5,6); from (5,5) to (4,5) is B(5,5); etc.
Hence the probability of moving along this particular path is a(5,7) - a(5,6) -
,3(5,5) “ 0(4,5) " 0(4,4) . 3(4,3) 2 a(3,3)-

Similarly, if there is a quite arbitrary path from (m,n) to (a,b), there would
be a certain a for each downward step and a certain g for each leftward step.
The product of these a’s and 8’s would give the probability of moving along this
particular path.

In order to present these ideas as clearly as possible and to facilitate cer-
tain future discussions it seems desirable to introduce the following method for
describing paths: .

Consider a path from (m,n) to (a,b). Each transition consists of a motion
either one step to the left (the first coordinate decreases by one unit) or one
step down (the second coordinate decreases by one unit). A convenient way to
describe the path is to write down a sequence of m -a zeros and n - b ones, a
zero corresponding to a motion to the left, and a one corresponding to a motion
down. In this system, the path described a little earlier, beginning at (5,7) and
ending at (3,2), would be written 1101101,

To formalize this procedure in the general case, proceed as follows: Let
x=m-a and lety =n-b. Consider the set, lx,y , of all poeitive integers, which
in their usual binary representation contain exactly y ones and no more than x
zeros. If, in the usual representation, the integer contains y ones andx - ¢ zeros,

ORO-T-323 13




let ¢ zeros precede the usual representation. This will be called the “modified
binary representation.” For instance, if x =4 and y = 2, the integer 6 usually
represented by 110 would be written 000110 in the modified representation If
k is any 1nteger in I, , and if the modified representation of k i8 i} iy . .
define 0, ; asi; Thus if x=1 and y =2, one would have 65, =8;;=1 and 551
since 5= iOl

Now there is, in the fashion previously described, a one-to-one corres-
pondence between the integers in the set I, =~ and the paths connecting (m,n) to
(a,b). Let m, denote the path that cor responds to the integer k in I, . Then
0,; =0 means that the jth transition for m, is to the left, and §;; = = ['means that
the jth transition is downward. :

Notice that if §;; = 0, the second state is (m - 1,n); if 5, = 1, the second
state is (m, n -1). In either case, the second state is (m - 1+ 6, - &), In
general, as can easily be seen, the system will be in state

(m-r + 2: 5:;;’ n- Z 8,"
;=1
after r transitions, provided that r < x +y.

In this way the notation that has just been introduced enables one to talk
freely, but specifically, about the motion of the system.

An example of the use of this notation is provided in writing down the prob-
ability, say p,(a,b; m,n), that the system proceeds from the state (m,n) to the
state (a,b) along the path n,. It is known from the earlier discussion that p,(a,b;
m.n) is a product of certain a’s and B’s, which are complet'-*ly determined by the
path but in ordinary terms it is hard to state just which a’s and g’s are to be used.

Consider the path m,. Define v, ) as a(m,n) if 8y =1, and as g(m,n) if &, =0.
In general, define v, ,,,, forr =0, {,...,x+y-1as

alm ~ r+28k’,n Z Sk,)xf Bk ,re1 =1,
is1

x+y’

and as

Bim-r + Zi Sk’.n— Z Sk,)lf Opre1 =0-
1®

Specifically,

Yool = Ok ey lm =1 + Zl: Byjrn - Zi 8,")+(1 8ra1) Blm —1 + 21 Byjs 1 = Z 8,")
I= = 1=

Now,

x+y

pila,b; myn) = if_ll Yk

A summary of the results up to this point of the discussion might indicate
that a notation has been introduced that facilitates writing down the probability
that the system, starting at (m,n), travels a certain path to (a,b).

Of course it i8 necessary to know more, e.g., the probability, say Gk(a,b,t;
m,n), that, if the system travels the path n, from (m,n) to (a,b), it will be at
(a,b) at a certain time t. If G,(a,b,t; m,n) were known, p(a,b,t; m,n) would also
be known, since

plabt; mn)= 3o pyle,b; mn) Gyla,b,t; mn).
kel
2y
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Perhaps the simplest way to find G(a, b, t; m,n) is to use the variates T, ;
discussed in the preceding section, dealing with the statement of the problem.
If it is known that the system moves along the path m,, then it will be at (a,b)
attime t ifandonlyif T, , + ...+ T,y >t, but the sum of all these variates
except the last is =t, The variates appearing in the two sums are to be those
arising along the particular path 7, considered.

It is possible to be more specific about the variates present in these sums
if the previous notation for the description of the path is used.

The state in which the system will be found after r transitions as it pro-
ceeds along m, was written out earlier. If this state is denoted by [m(k,r),n(k,r)],
the earlier result was that

r
m(k,r) =m -r + Z 8,‘[
j=1

and
.
’l(k,') =R~ Z 8ki .
j=1
The variates that must be considered on m, are T,y » . for r=0,1,

., X +y. The probability G,(a,b,t; m,n), then, is the probability of the compound
event

xey-l x+y
Zo Tonk,r), ntkary < ¢ 80d Z; Ttk r), nthr) > ¢
P ra

The probabilities that enter into the computation of the probability of this
compound event can be found quite directly by the ordinary method of charac-
teristic functions.

Let f,; denote the characteristic function for the variate T, ; then

foqg @ =f s é (e,d) e-uﬁ(c,d) di=
0

Now the variates Tm,n, . . «y T, ) are independent, since the process is a
stationary Markov process. Consequently the characteristic function for the
sum

&le,d) . 1
Med) —iv  l-iurled)

xz+y-1
E TM(k.r). n(k,r)
ral

is the product
x+y=1

" fm(",’)o n(",’) !
ra(
and the density function, gk(s), for this sum is determined by the equation

6 1 & x+y=1 1
ab=s 1 " X eoanwmn ©

The probability that T,, > ¢-s is e~(~) ¢(@b)  gince

t
G,‘(a,b,t;m,n) =J- g (s) e —(t=32) ¢la,b) ds,
0
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it is found that

oo

¢
1 L xay-l 1 h]

Gylabtymn) = [ e~U=s) Plab) f f ~hus du ds.

xlab,t;myn) fe 2n ¢ ra0 1 —iurlm(k,s), n(k,n] ul °
i .

—z0

This expression can be simplified in two ways. First, for neater notation,
write m,, and n,, instead of m(k,r) and n(k,r). Second, interchange the order of
integration, integrating first with respect to s, and then with respect to u. The
integral involving s can be evaluated easily; it is found that

1 [ =yl 1 eiut _g-tla,b)
Gk (a,b,2; m,n) = — j I
2 ra0 1=durlmg,n.)  ¢la,b) —iu

To complete the explicit dete r.nation of p(a,b,t; m,n), merely combine
this result with the earlier result cor cerning p,(a,b; m,n). The combination of
the two expressions is rendered more compact by writing

x+y x+y=1
Iy, 0oy,
jal K = re0 ,r+l

The final result is thatp(a,b,t; m,n) is given by

x+y -1 Yk rol emiut _ ~tp(a,b)
2 kd f ~iur(m, ,n) Ha,b) - iu

The validity of the criticism made against this result at the beginning of
this section should now be evident. If x +y is at all large, the integrand can be
[for general 7 (my, ,n;,)] quite complicated, and it is difficult to apprehend the
nature of the solution.
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THE PROBABILITY OF WINNING

In the introduction to this memorandum it was pointed out that the problem
under investigation aiose from a definite problem in the theory of combat. The
theoretical development in the previous sections ignored completely any concrete
interpretation of the results; the work was purely mathematical in character.

This section is devoted to the study of a problem arising from the combat
interpretation of the stochastic process described in the first two sections. If
the stochastic process is considered as describing the interaction of two groups
of combatants, then one question of quite great interest arises: “What is the
probability that a given side will win?”

Now, of course, the concept “winning” must be clarified. A simple defi-
nition (and the one that will be used here) is that winning means the complete
annitilation of the opposing side. The symbol P (m,n) will denote the probability
that the first side wins, if there are initially m combatants on the first side, and
n combatants on the second side.

Relevant notation from the previous sections will be preserved here. In
particular, a(m,n) will denote the probability that, if there are m combatants on
the first side and n combatants on the second side, then the next casualty to oc-
cur will be on the second side, and 8(m,n) will be 1-a(m,n). More briefly, a(in,n)
is the probability of having the system proceed from (m,n) to(mn-1), and p(m,n)
is the probability of having the system proceed from (m,n) to (m-1,n).

If the system is in state (m,n), there are two. mutually exclusive ways in
which the first side can win. The system might proceed to the state (m,n-1),
with the first side then winning. The probability of this is a(m,n) P(n,n-1). Or,
the system might proceed to the state (m- 1,n) with the first side then winning.
The probability of this is g(m,n) P (mn - 1,n). Since these are mutually exclusive
events, the probability that the first side wins from the state (m,n) is the sum
of these two probabilities, The following difference equation is therefore
obtained.

P(m,n) = a{m,n) P (myn - 1) + Bimn) P (m - L,n). (5)

Equation 5 is the fundamental equation for the work that follows. It is of
some interest to observe that it is a consequence of Eq. 3. Jt may be obtained
from Eq. 3 by setting b=0, summing fora=1,2, ..., m, and letting t become
infinite. The partial derivatives on the left all approach zero ast becomes in-
finite. Equation 21, which appears later, is similarly related to Eq. 4.

A brief reflection will show that if F(14,0) is known for m=1,2, .. ., and
if P(0,n) is known for n=1,2, . . ., then Eq. 5 completely determines P(m,n) at
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all lattice points in the first quadrant (i.e., at all points having integral coordi-
nates). On the other hand, from the definition of P(m,n), it is obvious that

P(m0)=1 for m=1,2,... (6)
P(0,n) =0 for n=1,2,....

These equations will occasionally be referred to as the “boundary conditions.”

In principle P(m,n) could now be written out explicitly by solving Eq. 5. If
the coefficients a(m,n) are not too complicated, this is, in fact, possible. For
example, suppose that a(m,n) is a constant, say a. Then

m-l (5 4 k-1)!

Pma) = L T

ot (-, (7

Or suppose that
om

o(m,n) = T

where a and 8 are constants. Then it can be shown that

Km0 Clok/B) +1
(m =K Tin+0k/8) +1]

P(m,n) = (9) > (-
ﬂ, k=1

(8)

The simplest way of verifying the truth of these two assertions is to observe
that the given function satisfies both Eqs. 5 and 6, and then appeal to the obvious
uniqueness of the solution.

Now if m and n are at all large, both Eqs.7 and 8 offer difficulties from the
point of view of computation as well as frc:u the point of view of simple under-
standing of the nature of the solution. Indeed Eq. 8 is especially bad, since it
involves the differences of numbers that may be quite large.

For these two reasons the project of obtaining the exact solution of Eq. 5
will be abandoned. Rather the problem to be considered here is that of finding
a simple approximation to P(m,n), which will be valid if m+ n is large.

It should be intuitively evident that without soine restriction on the behavior
of the coefficients a(m,n), general results on the asymptotic behavior of P(m,n)
cannot be obtained. Fortunately the very nature of the combat situations being
investigated here imposes just such a restriction, which will now be stated.

Consider the two numbers a(m,n) and a(m+1,n). These represent the prob-
abilities of a casualty on the second side when the first side has strengths of
m or m + 1. It is certainly reasonable lo assume that the stronger the first side,
the greater the probability of a casualty on the second side; i.e., to assume that
a(m+1,1) =a(m,n). A similar discussion shows the reasonableness of assuming
that a(m,n) =a(m,n-1).

What has just been found to be reasonable will now be made intc a formal
assumption:

Throughout the rest of this section it will be assumed that

alm +Ln) > almn)
olm,n) > olm,n —1). 9

It may be noted that all the particular forms of a(m,n) that the author has
seen in the literature on Lanchester’s theory satisfy these assumptions.
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The process for finding an approximation to P(m,n) is based on the obser-
vation that the value of P at any point on the straight line whose equation is
m+n=N is a linear combination of the va'ues of P at certain points on the straight
line whose equation is ti tn=N-1. As the problem now stands a(m,n) is defined
only if m and n are not both zero and neither is negative. To facilitate the lan-
guage in the following discussion it is desirable to extend the domain of definition
of a. From now on it will be assumed that a(m,n) is defined for all m,n (positive,
negative, or zero) for which m+n = 1. For negative values of the arguments the
following conventions are to hold:

alm,n) =a(m,0) fcr n <0;
a(m,n) =a(0,n) for m<0;
B(m,n) =1 -a(m,n) for all m,n.

It might be noted that this convention regarding values of a{m,n) in the fourth
and second quadrants preserves the fundamental assumption ot Eq. 9. It might
also be noted that this extension of a(m.n) to the fourth and second quadrants is
not essential to the arguments that follow; rather it simply serves to eliminate
certain unimportant detaiis that would otherwise have to be discussed.

It is now instructive to consider the values of ooth P(m,n) and a(m,n) on the
straight line for which m+ n=k. (Although the functions are defined only for the
lattice points, values can be interpolated for both functions so that the following
observations are valid.)

First, a{m,k - m) is a monotone nondecreasing function of m, and 0=<a(m,k - m)
=1.

Second, P(m,k -m) is a distribution function; i.e.,

i) P(m,k-m) is a nondecreasing function of m
ii) im P(m,k-m)=0

m-s =00

iii )lim  P(m,k -m)=1.
This suggests the possibility of trying to approximate P(m,n) by a standard dis-
tribution function—for instance, .ie normal distribution function. For each
value of k and m there certainly exists a number W, (i) such that

1 M) 2
P(m,k ~m) =‘/—2= f e -t de;
7

-0g

however, the precise form of W,‘(m) ig irrelevant. It must be remembered that
only an asymptotic formula is being sought.

Consider what would happen if a{m,n) were a constant, a. The classical
theorem of De Moivre and Laplace regarding the approximation of the Bernoulli
distribution by the normal distribution would show that

am-bn
L
Vin

o

for a proper choice of a and b, is asymptotically equivalent to P(m,n).
It is certainly reasonable to ask whether a similar approximation might
not also hold in the prc»lem considered here for general coefficients alm,n).
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At any rate it suggests the piausibility of the following change of variables, and
that, in fact, is all that the preceding discussion was aimed at. To repeat: The
following change of variables is not capricious; it is suggested by standard
classical theorems.

Let

N=m+n (10)

u ={am ~ br)/(\/m +n),

where both ¢ and b are positive numbers to be determined later. Because a
and b are positive, the transformation from (m,n) to (u,N) is nonsingular. The
inverse transformation is

m=(bN +uN)/(a+b)

n =@V - uyN)/la + b), (11)
Let
P(mn) = P [am - bn)/(Vm +7)] = Py, (u)
almn) =« lom - bn)/(Vm + )] =aty () (12)
Bplw) = 1~y (w).
Then
Plmn=1) =P lam~bn + B/tym 5 =D = By, [u NN + V=]

and

Pim - 1,n) = Pmm-l [{am - bn ~a)/(/m +n = 1)] = Py, lu VN/V = 1) -o/yIN=T)).

The fundamental difference equation (Eq. 5) now becomes
Py(w) = apw) Py_y[u yN/IN =) + b/AIN =D} + By () Py_, [u VAN =T - o//IN=D]. (13)

This suggests the following procedure: Consider the set of all functions of
one real variable. For N =2, let the linear transformation Ly be defined by

Lyftu) =oy () f s V=D + /AN =1 + By () f lu VNN =) - a/yIN =11,
For example, if f () = u4, and ay(u) =a (a constant), then

Lyfw)=u VNZIN =) + (@b ~ Ba)/VIN=1).

Since
PN(u) = LNPN_l(u),

Py(w) = Ly Ly_y-- Ly P,(w),

where P (u) is either zero or one, according to the value of u.

Let{qy} be an arbitrarv sequence of functions, and let hy = Py - gy . (In
the sequel, gy will be the approximation tc Py, so that hy measures the differ-
ence between the exact solution of Eq. 14 and its approximation.) Let k be an
arbitrary positive integer. From

hy=F ~g and B =1L, R,
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it follows that
L b =By =Ly, 8,

and, since Py = g1 + B,y , it follows that

Mear =Ly by - (g4 ~Ly, &)
Hence
hrar =Liog bgy = Grag=Lyvp 84,
or
hrva =Lisg Lyyy by = (g g =Ly, Bel) = Lisg (80 =Ly, 8-

Repetition of this procedure gives rise to the following result:

N
v=bylyy Ly k- 3 R,
jekel
where
Ry =en-Lyey.,
and, for k+ 1< j<N
Rj=LN e Li+l (gI--LI- gi-l)'

Since a; and B]- are positive functions, with sum one, it follows that, for any
function f,
lub | L; f(u) Is_mi“:‘<m | f@) ]

0o K u<ow

So |Ri|5_ lub<m|g,- (u)—L,- 8i1 W | for all j = 2,3,.... Consequently, if

o<y

-

R MUCEDTReY
]=

converges, then q

X R

J=k+]
can be made arbitrarily small simply by taking k sufficiently large, regardless
of how large N may be,

Under such circumstances, it would follow that the sequence { hN} converges
to zero [i.e., gy (u) is close to Py(u) for large N] provided that Ly Ly Ly by
converges to zero as N becomes infinite,

The preceding discussion may be summarized under two principles.

First Principle

In seeking a sequence {gy } to approximate {Py} try to satisfy the condition

that 1_52 _JgB@ lg,- ()] -L,. 8,1 W | converges.

Second Principle

The sequence { Py - gy} will converge to zero if the derived sequence
Ly Ly oLy B =gl (kfixed)

converges to zero as N becomes infinite.
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it follows that
Linbe=R, - L, g

and, since Prai= hiq + 81,1 » it follows that

At = Liy by =gy, ~Ly,1 &)
Hence
hivg Ly by ~(&rio=Ly,o g40p),

or
hrsg =Lyo Ly by - €rio=Li,n 84, - Livo gray =Ly, 8.

Repetition of thig Procedure gives rise to the following result:

N
hN=LN LN-]”' Lk+l hk- Z Rl-,
J=k+1

where
Ry =gy =Ly sy,

and, for k+ 1< j<N
Ri=Ly-... "Ly € -L;g )

Since a; and Bi are positive functions, with sum one, it follows that, for any
functionf,
Wb ILif@ < b ).

=00 <y< o0 =00 < u< 00

So IR;[< lub< | 8 (u)-L,- 8y W) | for all j = 2, 3, .. .. Consequently, if

oo <y < oo

o0

converges, then

can be made arbitrarily small simply by taking k sufficiently large, regardless
of how large N may be.

Under such circumstances, it would follow that the sequence { hN} converges
to zero [i.e., gy (u) is close to Py(u) for large N] provided that LyLyoee Loy
converges to zero as N becomes infinite,

The preceding discussion may be summarized under two principles.

First Principle

In seeking a sequence {sy } to approximate {Py} try to satisfy the condition

that ]_:;2 _,0135@ | g; (W) -L; 8.1 W | converges.

Second Principle
The sequence { Py - ﬂN} will converge to zero if the derived sequence

Uy Ly g oo Ly B = g Gk fixed)

converges to zero as N becomes infinite.
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As noted earlier the conditions expressed in Eq. 9 imply that a 4(u) shall
be a nondecreasing function of u. Before the two principles just enunciated can
be applied, more information about the asymptotic behavior of o (u) is required.
Throughout the rest of this section it will be assumed that

oy @ = p+(cu/yN) + X (uNYN (14) |
By W = g~(cu//N) ~ X (u,N)/N ’

where p, q, and ¢ are constants, withp +q=1, and A(u,N) is bounded, for y in ;'
any finite closed interval. It might be remarked that for all the types of com-
bat with which the author is familiar, Eq. 14 is satisfied.

A preview of the process that will presently be carried through is perhaps
in order. First, a single function 8 of one real variable will be found that satis-
fies Eq. 13 except for terms of order 1/N3/2 , Specifically, it is propesed to
find a function g such that

6w) = () g lu VNN =) + (/YT =D - By(w) g b VNN =T) - la/ ViV =D} =0 (1/N3/2), (15)

This function, however, will not quite satisfy the boundary conditions demanded
by Eq. 6.

- Second, a sequence of functions{ ay (u)} will be constructed from g(u) that
do satisfy the boundary cenditions demanded by Eq. 6 and that still satisfy Eq.
13, except for terms of the order of 1/N%2 | Sucha sequence will satisfy the
conditions enunciated in the first principle.

Third, it will then be shown that Eqs. 9 and 14 imply that the conditions
enunciated in the second principle are satisfied.

First Part

It is proposed to find a function g satisfying Eq. 15, which can be written
(since a+ B=1)

o) (g fu VZIV =) + bA/N =D - glu) + By (glu yN/IN =) - (a/y N = D))} - glw)) =0 (/M3/3),

Apply Taylor’s theorem to the two differences that appear in thig equation, and
collect, separately, the terms involving 1A/Nand 1/N, ignoring those of higher
order. The result is as follows:

(VW) (pb -g3)g'+ 1/2N {1+ 2(a + b) ] ug' + (pb% + ga?) 8"1=0(1/N3/2),

It will be recalled that vihen the variable u was introduced it was stated
that a and b were to be deterriined later. At this point it is possible to impose
the first condition on a and b, namely, that the term involving 1/A/N should van-
ish. This leads to the equation

pb~ga=0; (16)
consequently
a =pk
b =gk,

when k is yet to be determined. It should be borne in mind that Eq. 16 is, in
fact, an implicit equation, since the choice of a and b affects the values of p and
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q in general. The specific example considered below will make this clear if it
is not obvious already.

With a= pk and b = gk, the term involving 1/N can be simplified; for ph2 +
q0% = (pg® + qp?) k? = pgk2. Then the requirement that the term in 1/N must also
vanish leads to the following differential equation.

(1+2(a+b) ciwg'(n) + pgi® g"(w) =0, (17
the solution of which is
glu) = ¢, jy expi-{1+2(a+ 1) c]z'?‘/(qukz)f de (18)
C,
2

where ¢; and ¢, are avbitrary constants.

1t should now ke observed that the product (a+b)c = ke is invariant, since
¢ involves k unly through a factor of 1/k. This observation suggests the final
Jdetermination for k. Simply choose k as V1+2(a + b)c/pq; the coefficient of
-t2/2 in the expouent of Eq. 18 now becomes unity. Thus, vith these choices
for a and b, it is seen that

g(u) = ¢; fu exp (- £%/2) de. (19).
‘2

Before proceeding further with the discussion of the general case it seems
desirable to consider a specific example —one that arises from the classical
Lanchester theory. Suppose that

alm,n) =&m/@m + Bn), and B{m,n) = Bn/(cm + Bn), (20)
where a and 8 now denote two positive constants. With N =m+n andu =(am - bn)/
Vm +n), it is found that

’ ay(w) = p+ec(w/YN) + Au,N)Y/N

and
By(w) = g ~c w/\VN) = Au,N)/N,
in which
p =ab/(ab + Ba),
q = Ba/(ab+ Ba),
and

c =0apla+b)/(ab + Ba)2.

These expressions are found by substituting Eq. 11 in am/(am+ Bn). and
expanding in powers of 1/VN. Equation 16 now becomes

ab? - ;302 =0.

With a proper choice of signs it is seen that a =k'vVa, b = k'V B, where ' is a
positive constant. This k' is not the same as the kin Eq. 17.

With these values for a and b it is noted that p =vVa/(Va+VB), ¢ =VB/(Va+
VB), and (a+0) c=1. Now with qa=k[Va/(Va+VB)], and b=k [VB/(Va+VB)], Eq.

17 becomes
3ug' (u) + [VaB7 (o + VB2 &2 g"(u) = 0.
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The proper choice for k is, by the general theory, V[1+2(a +b)c ]/pq , which here
becomes /3/YaB. Then u=vV3/VaB [(Vam-/Bn)/Ym+n], and Eq. 19 holds, i.e.,

g =e; [ expl-c2/2) de.
2

Second Part

There now is left, in the general theory, the problem of choosing ¢, and ¢,.
There are actually many possible choices for ¢; and ¢, although they are all
asymptotically equivalent. Choose, for example, ¢, as 1/V27 and Cgas -, It
then turns out thatg(u) (now independent of N) satisfies the boundary condition
along the coordinate axes only asymptotically. It is easy, however, by letting
¢, and ¢, devend on N, to obtain a sequence of functions {gN(u)} that actually sat-
isfies the conditions that, if n =0, the value of gy(u) is 1, and, if m =0, the value
of gylu) iz 0.

To see how this may be done consider the situation that occurs on the line
m+n=N. At the point (0,N) on this line (where P(0,N)=0) u has the value -bVN.
Since naturally ¢, is not to'be 0, g(u) will be 0 only if o= -bvN'. Along this line
m+n=N, u increases steadily until the point (N,0) is reached, at which
P(N,0)=1. At (N,0), u has the valueaVN. In order to obtain the proper value
for g (u), namely, 1, ¢, should be the reciprocal of

ayN

f e"%‘2 dt.

VN

~b

Thus, instead of simple constants for ¢, and ¢y, values that depend on N are
chosen. This leads to a consideration of the sequence of functions { gy(u)},

where
u ayN
gy(w) = [ f o T dt:l l— [e’%'z de| ,
-byN |_-z,{/ﬁ
for
-bVN £ u £ aVN ;
and
1foru>ayN
gN(“) ={
0 for u < ~by/N.
Because

lim N* f e hldr=0
N-+oo x\/ﬁ
for any positive numbers k and x, it focllows that this sequence of functions also

satisfies the fundamental difference equation for PN(u) to-within terms of order
1/N, just as did g(u).

Third Part

According to the preview given earlier in this section all that remains is
to prove that Ly Ly ;... Ly,; (Pr~ 8;) approaches zero as N becowes infinite.
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Let, as before, liy, denote P, - g,. Now h; is a function of one rezl variable,
defined at the values of 4 corresponding to the lattice points on the line m+n=k.
Specifically, h, is defined at all the numbers [-bk +j (a + b)]/Vk, forj =0, 1, £2,
. . However (and fortunately), it is zero at most of these points. In fact it is
zero at every point except possibly the points [-bk +j(a+b)]/Vk forj=1,2,...,
k - 1. This follows from the way in whick 4, was made to obey the boundary con-
ditions of Eq. 6.

Let Dy,y denote LyLy - Ly hy. Since Dy y = LyDy y g, itis  ar
that Dy , is,for N>k, a solutlon of the fundamental dlfference equation (Eq. .3).
Consequently the value of D, y at any number u is a certain linear combination
of the values of hy, and since most of these are zero they can be written

~bk + j(a + b)

The point to be demonstrated is that Fit, y(u) approaches zero as N becomes
infinite.
As a first step it is proposed to show that, if

¢ =lub F, )
kN (all /) kN )

then
Cr, N < Cy gy W)

To this end observe that
Fy k v@) =y yllGa + 8)j = 3k + DINVE + 1} F {la + 8)j - bk + DINVE + 1}

+ B, e+ 8)G + 1) = bk + DIVE + T F Hl(a + 8 + 1) - blk + DI/VE + 11,

(21)

so that
Yo S (e + 8)j - bk + DIVE+TY+ By Hla + )G + 1) - bk +DINVE+ 16,y ylw).

But, by Eq. 9 the coefficient of G,,; (1) is no greater than one. [If the
coeffxments here seem remote from Eq 9 transforin the coefficients here into
alj,k -j+1) and B(j + 1,k -j) by using Eq. 11; then apply Eq. 9.] Thus, for every
ir Fpnw) = Gk+11v(“): and from this, it follows that Gy (W)= Gy (u).

Next itis propo.,ed to show that G n(u) can be made arbltrarily small
for fixed u, simply by taking r and N-r sufflciently large.

It is obv1ous from Eq. 14 that a, (4) will be sensibly constant on any bounded
closed interval, if r is sufficiently Iarge Hence, as a little reflection will show,
Gr y (1) will be nea: tiie maximum term in a binomial distribution involving N - r
trials with probability p of success in any one trial. But from the classical
theorem of De Moivre and Laplace this is approximately 1/V IZTrZN -r) pql which
is arbitrarily small if N - r is sufficiently large. This shows that Gr N(u) can be
made arbitrarily small by taking r and N - r sufficiently large.

From the two stages of this discussion it now follows that LyLy_; ...

Ly,; (P, -g,) approaches zero as N becomes infinite.

The foregoing proof shows that Dk y approaches zero at least as fast as
1/VN. It may in fact approach zero even faster, as the following example shows.

In the event that a(m,n) is not constant but actually increases with increasing
m (and decreases with increasing n), the total contribution from anv value of P, -
g, to all points on the line m+n=k+1 is less than one. Thus, if alm,n) = m/(m+ n),
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the total coniribution of any point on the line m +n = k to all points on the line m +n =
k+1is k/(k+1). By induction the total contribution of this point onm +n =k to all
points on m+..= N is k/N. Consequently in this case D,y approaches zero at least
as fast as 1/N.

Summary

In this section the probabilify that the first side wins in generalized Lan-
chester combat has been studied. With m combatants initially on the first side,
and n combatants initially on the second side the probability that the first side
wins is given approximately by

am-6&n
- ayms+n '
([ e[ o .
-ty/men [ U-bymen
where a and b are constants to be determined by the relative effectivenesses of

the two sides. A simpler form of the approximation, but which does not give
quite so accurate results, is

am-bn

L (23)

In the particular case of the classical Lanchester theory, where am/(am+ Bn)
gives the probability that the next casualty will occur on the second side, it is

seen that
'l/ 3 \/&""QZE"
— f@a VB m+n c_%ﬂ " (24)

or, more closely,

3 \/a—m-\/ﬁn o
Ve S | ez ==
Kt gy et & (25)

‘Sn

Y = 1T

approximates the probability that the first side wins.
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CLASSICAL THEORY AND NUMERICAL EXAMPLES

This section is devoted to two somewhat separate topics. The first is the
computation of ¢(m,n) and a(m,n) for the situation described in the manuscript
by Lee and Harrison.'® It will be shown that the probabilities of casualties in
the type of combat discussed there satisfy Eq. 20, so that the probability that
Force 1 wins is given exactly by Eq. 8, and approximately by Eq. 24 or 25. The
second topic is the comparison, in some numerical examples, of the exact and
approximate probabilities in the unfavorable circumstances that both m and n
are small.

The situation considered by Lee and Harrison is the following (with slight
changes of notation):

Two forces are engaged in combat. Force 1 consists initially of m weapons,
Force 2 consists initially of n weapons. Each weapon of Force 1 fires at random
according to the Poisson process with a mean firing rate of A shots per urit time.
Each weapon of Force 2 fires with a mean firing rate of u shcts per unit time.
The single-shot kill probability of a weapon on Force 1 firing at a weapon on
Force 2 is p; the single-shot kill probability of a weapon on Force 2 firing at a
weapon on Force 1 is q. The engagement is continued until all weapons of one
force or the other are destroyed.

For a discussion of the Poisson process the reader is referred to Feller."
By the well-known properties of the Poisson process it follows that, if there are
m combatants in Force 1 each firing at a rate of A shots per minute, then the
probability that Force 1 fires exactly j shots during a time interval of t minutes
is

et [(mAd)i/f1] .

Since 1 - p is the probability that any one of these shots produces no casualty, the
probability that all j shots miss is (1 - p)/. Hence, the probability that Force 1
fires exactly j shots and all miss is

e™A L [mA(1 - p)eli/jt .

Therefore the probability that Force 1 produces no casualties (regardless of the
number of shots fired) during the time interval of t minutes is

P e~ [ma(1 -p)li/jt,
Jj=0
or
e~MAL r mA(1-p)t .

which equals e~mAr,
Thus it has now been shown that, if there are m members in Force 1, the
probability of no casualties among Force 2 during a time interval of length ¢
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minutes is e~mAPt . In the same way if there are n members in Force 2 the
probability of no casualties among Force 1 during a time interval of length t
minutes is e™"F%,

Consequently the probability that, with m members on the first side and n
members on the second side, there are no casualties on either side during a
time interval of length t is exp [- (mAp+npg) t]. Comparison of this with Eq. 2
shows that ¢(m,n) = mrxp+nugq.

The problem now is to compute a(in,n), which, it will be recalled from the
first section, means the probability that if a casualty does occur it will ncecur on
the second side.

The probability of no casualties among Force 1 and at least one casualty
among Force 2 during an interval of t minutes is

e~MHat(Y = e—m)\pt) .

The derivative of this, for t =0, is map. But, according to the general theory de-
veloped in the first section, this must also be

alm,n) + $lm,n).

Hence,
o{m,n) = mAp/(mAp + npq).

Similarly,
fm,n) = npq/(mAp + npq) .

In summary then it has been shown that a(m,n) and B(m,n) satisfy Eq. 20,
with the constants @ and B8 equal to Ap and pg, respectively. Therefore the prob-
ability of winning in this type of combat can be computed as the solution of Eq.
5, with the coefficients given by Eq. 20. The explicit solution given by Eq. 8 can
be used, or, the probabilities can be obtained successively from Eq. 5 directly.
This latter method is the one actually used in the manuscript of Lee and Harrison
previously cited.

It is clear that the function given in Eq. 8 depends on the ratio of a to B,
and not on their separate values. Let C =a/B. For various values of C, the
values of P (n,n), rounded to three decimal places, are tabulated in the manu-
script by Lee and Harrison. These values have been rounded to two decimal
places and provide the basis for the “exact” figures in Tables 1 and 2. For
Table 3, the “exact” data are computed directly from Eq. 5, with C =9.

Tables 1, 2, and 3 provide a comparison between these exact values of
P(m,;n) and the approximate values of P(m,n) found by using Eq. 24 for C = iz
C=2,and C=9. The comparisons are made only in the most unfavorable cir-
cumstances, when both m and n are small. It is clear from the tables that, as
soon as m+n="17or so, Eq. 24 should be applicable instead of Eq. 8 for all ordi-
nary purposes of computation, provided that 1/9= C=9. This agreement between
the exact and approximate values of P(m,n) seems to be surprisingly good.

In the tables the lower entry in each pair of lines is the exact value of
P(m,n), rounded to two decimal places. The upper entry in each square is the
approximate value, computed by Eq. 24, also rounded to two decimal places.
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Table 1 Table 2

COMPARISON OF EXACT COMPARISON OF ZXACT
AND APPROXIMATE VALUES?® AND APPROXIMATE VALUES®
OF P(m,n)FORC =1 OF P(m,n) FORC =2
ol 1] 2] 3] 4| s Welol vl 2] 3| 4] s
0 - 0.04 001 000 000 0.00 0 - 006 0.0 000 0.00 0.00
— 000 Q.00 0,00 0.00 0.00 - 000 0.00 0.06 0.06 0.00
1 0.96 050 0.6 0.04 0.01 0.00 ) 097 067 034 012 0.04 0.01
1.00 0.50 0.17 0.04 0.01 0.00 1.00 0.67 033 013 0.04 0.01
5 099 0.84 050 0.22 0.08 0.02 9 1.00 094 0.72 047 0.25 0.12
1.00 0.83 0.50 0.22 0.08 0.02 1.00 093 073 048 026 0.12
| 3 1.00 096 0.78 0.50 0.26 0.11 3 1.00 099 094 0.77 0.55 035
1.00 096 0.78 0.50 026 0.11 1.00 099 0.93 078 0.57 0.37
4 1.00 099 092 0.74 050 0.28 4 1.00 1.00 098 093 0.80 0.63
1.00 099 0.92 0.74 050 0.28 1.0¢ 1.00 0.92 093 0.81 0.64
5 1.00 1.00 098 0.89 072 0.50 5 1.00 1.00 1.00 098 0.93 0.83
1.00 1.00 098 0.89 072 0.50 1.00 1.00 1.00 098 0.93 0.83
BThe upper figure in each pair of lines is the 8The upper figure in each pair of lines is the
approximation, computed from Eq. 24. The lower approximation, computed from Kq. 24, The lower
fifure is the exact value, computed from Eq. 8. figure is the exact value, compred frum kg, 8.
All data are rounded to two decimal places. Afl data are rounded to two d.cimi! places.

Table 3

COMPARISON OF EXACT
AND APPROXIMATE VALUES®
OF P(m,n) FOR C=9

| 0 1 2 3 4 5
o | = 016 008 004 002 001
— 0.00 0.00 0.00 0.0 0.00
|10 092 o7 o050 033 021
1.00 090 0.74 0.41 0.29 0.18
o [100 100 098 091 079 065
1.00 099 0.97 0.89 0.78 0.65
5 (100 100 1.00 099 097 092
1.00 1.00 1.00 0.99 0096 0.91
4 |100 100 100 1.00 100 099
1.00 1.00 1.00 1.00 1.00 0.98
s [100 100 100 1.00 100 1.00
.00 1.00 1.00 1.00 1.00 1.00

UThe upper figurc in each pair of lines is the
approximation, computed from Kiq. 24. The lower
figure is the exact value, computed from Eq. 8.
All data are rounded to two decimal places.
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